The dispersive representation of axial anomaly leads to the anomaly sum rules (ASRs), exact nonperturbative relations in QCD. The analytical continuation of the ASRs to the time-like region is performed. The transition form factors of π 0 , η and η ′ mesons in this region are calculated. A good agreement with the available experimental data is found. Based on the ASRs, we have provided the foundations for the vector meson dominance model in these processes.
Introduction
An important feature of the quantum field theory is the presence of the axial anomaly [1] . In particular, the two-photon decay of the pion, π 0 → γγ, is known to be primarily controlled by the axial anomaly, providing quite an exceptional example of the lowenergy process completely determined from the fundamental theory.
It is much less known, that the axial anomaly reveals itself also in the processes, which involve virtual photons. In particular, the photon-meson transitions γγ * → M (where M is a pseudoscalar meson) can be studied by means of the anomaly sum rules (ASRs), which follow from the dispersive representation of the axial anomaly [2, 3, 4] . The ASR approach was applied to study the π 0 , η and η ′ transition form factors (TFFs) in the space-like momentum transfer region (q 2 < 0) [5, 6, 7, 8, 9] . The pseudoscalar meson TFFs provide an important information about the QCD dynamics, allowing to test our understanding of the low-energy QCD properties as well as perturbative QCD (pQCD) predictions. Recently, the topic of pseudoscalar meson TFFs have gained a significant interest because of unexpectedly large values of the pion TFF at |q 2 | > 10 GeV 2 , measured by BABAR Collaboration [10] . These data show an excess over the pQCD predicted limit [11] , based on collinear factorization and are hard to explain within the QCD [12, 13] . Although the later data of BELLE Collaboration [14] are quite consistent with the conventional theoretical approach, the controversy remains [15] . The expected high-precision data from BES-III [16, 17] , KLOE-2 [18] (in the space-like region, q 2 < 0) and CLAS [19, 20] (in the time-like region, q 2 > 0) as well as further theoretical investigations (especially those valid in both regions) will give us a more complete understanding of the meson TFFs.
In this work we perform the analytical continuation of the ASRs to the time-like region and also study in detail the small q 2 region, unreachable by the conventional perturbative QCD approach.
We also found that the ASR in the time-like region leads to the pole, which is close to the ρ meson mass in the pion TFF. This indicates that the axial anomaly leads to some relation between axial and vector channels.
Moreover, the ASRs give a theoretical foundation for the vector meson dominance (VMD) model, which describes the photon-hadron interaction via the transition of the photon (real or virtual) to the intermediate virtual neutral vector meson.
2 Axial anomaly: from space-like to time-like region
The vector-vector-axial triangle graph amplitude, where the axial anomaly occurs, contains an axial current J α5 and two electromagnetic currents
are quark charges in the units of the absolute value of electron charge),
where k and q are the photons' momenta. In what follows, we limit ourselves to the case when one of the photons is on-shell (k 2 = 0). Considering the unsubtracted dispersion relations, which result in the finite subtraction for the axial current divergence, for the cases of isovector J
(ūγ α γ 5 u +dγ α γ 5 d − 2sγ α γ 5 s) axial currents, one obtains the ASRs [4] :
where N c = 3 is a number of colors,
and
are charge factors, m i are quark masses and A 3 is the imaginary part of the invariant amplitude at the tensor structure k ν ε αµρσ k ρ q σ in the variable (k + q) 2 = s > 0. The relations (2) are exact: α s corrections are zero and it is expected that all nonperturbative corrections are absent as well (due to 't Hooft's principle [4, 21] ).
As the ASRs (2) do not depend on q 2 , they remain valid also in the time-like region (q 2 > 0). The explicit way to justify the analytical continuation of ASRs can be demonstrated by the dispersive representation for A 3 (s, q 2 ). Supposing that A 3 decreases fast enough at |q 2 | → ∞ and is analytical everywhere except the cut q 2 ∈ (0, +∞), it can be expressed as the dispersive integral without subtractions,
where
3 . Then, the ASR (2) for time-like q 2 is given by the double dispersive integral:
Note, that generally speaking, the order of integration cannot be interchanged. The real and imaginary parts of the above ASR read:
One can easily check, that these sum rules are satisfied in the one-loop approximation for the spectral density. For a given flavor i (i = u, d, s), it reads [4] :
The corresponding double spectral density in the case of massless quarks is
Note, that there are no α s corrections to the one-loop expression for the spectral density (7) [22].
Transition form factors
As we substantiated the validity of the ASRs in the time-like region, it is useful to study their applications. The region close to q 2 = 0 is of particular interest for us, as it is hard to reach it by means of perturbative QCD while it is accessible experimentally through Dalitz decays.
Pion TFF in the time-like region and VMD
Consider the isovector channel, i.e., the axial current is J (3) α5 . Saturating the lhs of the three-point correlation function (1) with the resonances in the axial channel, singling out the first (pion) contribution and replacing the higher resonances' contributions with the integral of the spectral density, the ASR in the time-like region (5) leads to
where s 3 is the continuum threshold in the isovector channel, and the definitions of the meson decay constants f a M and TFFs F M γ are as follows,
As the integral of A 3 in Eq. (10) is over the region s > s 3 , we expect that nonperturbative corrections to A 3 in this region are small enough and we can use the one-loop expression for it.
Then, as A
3 ), the ASR leads to the pion TFF
We suppose, as usual, that the continuum threshold in the axial isovector channel s 3 does not depend on q 2 . The numerical value of s 3 was obtained in the limit −q 2 → ∞ of the space-like ASR [5] ,
This expression coinsides with the one obtained earlier from the two-point correlator analysis [23] and is close to the numerical value obtained from two-point sum rules [24] . In this way we found that the Brodsky-Lepage interpolation formula [25] (which is a one-loop approximation of the ASR) is valid also in time-like region. 1 We make the key observation that the TFF (12) 
, which can be seen from the expansion of one of the electromagnetic currents in (1) into isovector and isoscalar components provided that the pion continuum threshold is universal. This results in the relation between the axial anomaly and VMD in its simplest form when only ρ (and ω) contribute 2 . Indeed, one can see, that the contributions of the higher mass vector resonances (m 2 V > s 3 ) are suppressed due to the specific form of the double spectral density (8) . As soon as one singles out the pion contribution in the axial channel, the photon is automatically saturated by the ρ meson only, which is consistent with the VMD model. So, the specific localized form of the anomalous double spectral density (8) provides a foundation for VMD.
Let us note, that from (6) one can also obtain the imaginary part of the pion TFF,
, which corresponds to a zero width of the ρ meson. If we take into account possible small perturbative and nonperturbative corrections and/or use a more sophisticated model of continuum in the axial channel, i.e. substitute the step-function with some regularized (smoothed) one, it will lead to the finite (instead of zero) ρ meson width in the vector channel. Nevertheless, this variation is significant for ImF πγ and ReF πγ only near the pole. That is why, as we are interested in the TFF far from the pole, we can neglect the imaginary part of the TFF. So, in what follows, we suppose
The dispersion relations for the pion TFF revealing connection to VMD model were studied before (see [30] and references therein), but, to our best knowledge without considering the connection to the axial anomaly. Note also, that the obtained relation for the pion TFF in the time-like region q 2 > 0 (12) naturally transforms to the expression for the pion TFF in space-like region q 2 < 0, which was obtained in [5] . Therefore, Eq. (12) gives a universal description of the pion TFF at any q 2 . The pole behavior (which corresponds to zero width of the ρ meson) appeared since we used the one-loop approximation for A 3 . Therefore, Eq. (12) can be used not too close to the pole q 2 = s 3 . The plot for the pion TFF normalized to its value at q 2 = 0, R π ≡ F πγ (q 2 )/F πγ (0), is shown in Fig.1 . The dimensionless slope and curvature parameters at q 2 = 0, defined for a meson M as [31, 32, 33] and space-like [26, 34] experimental data extrapolations. Our result is compatible with the ones obtained in the chiral perturbation theory (ChPT), VMD-based and some other approaches [35, 30, 36, 37, 38, 28, 39] .
Our conclusions on the validity of the Brodsky-Lepage formula in the time-like region are applicable also at large q 2 , in particular for processes Z 0 → π 0 γ, widely discussed some time ago [40, 41] . Let us stress, that our previous statement (see [8] , Sec. IIA) on inaccuracy of PCAC at large q 2 is applicable also here. It would be also very interesting to consider the analytical continuation of the nonperturbative correction to spectral density [5, 8] , so the time-like region may contribute to resolution of the controversy between the BELLE and BABAR data.
η and η ′ transition form factors
Let us dwell now on the octet channel (J (8) α5 ) of the ASR. The lowest contributions to the ASR are given by the η and η ′ mesons, both of which should be singled out due to their strong mixing. Then, employing the one-loop expression for the spectral density A
3 ), taking into account s-quark mass contribution, but neglecting the u, d quark masses, the ASR in the time-like (q 2 > 0) region leads to
where the s-quark mass contribution K 8 is
For the purposes of numerical analysis the s quark mass is taken to be frozen to m s = 110 MeV at |q 2 | < 1 GeV 2 . The continuum threshold in the octet channel is determined [6, 8] from the limit −q 2 → ∞ of (13) and the space-like pQCD asymptotes of η, η ′ TFFs,
The Eqs. • ). The continuum threshold (15) in terms of quark-flavor mixing scheme parameters reads:
Numerically, s 8 for the decay constant sets I and II is 0.39 GeV 2 and 0.48 GeV 2 respectively. These numbers, similarly to the isovector channel, are close to the ρ meson mass squared. Thus VMD-related argument provides an additional (to the discussed in [7] ) explanation why the continuum threshold s 8 is so surprisingly small. Indeed, the similarity of duality intervals in the isovector and octet channels and respective positions of poles in the time-like regions is required for consistency of the anomaly-motivated VMD explanation.
At the same time, the numerical value of the continuum threshold in the octet channel is determined worse than the one in the isovector channel because of the uncertainty in the decay constants obtained in different analyses. As the ASR can be reliably used in the region sufficiently far away from the pole, this discrepancy is not very important. In order to obtain the separate expressions for the η and η ′ TFFs, let us bring another relation [8] . Basing on the widely used hypothesis (see e.g. [42] ), that the TFFs of the (unphysical) state |n ≡ F πγ = F ηγ cos φ + F η ′ γ sin φ (quark-flavor mixing scheme is implied). Combining this equation with (13) , (15) and (12), we obtain the η and η ′ TFFs:
In Fig. 3 the plot of the η TFFs (16) (normalized to its value at q 2 = 0) is given in the range of q 2 ∈ (−0.25, 0.25) GeV 2 . The blue solid and red dashed curves correspond to the parameter sets I and II respectively, the green band indicates the region between the curves. The data from A2 Collaboration [44] is presented by the red points with error bars. Both decay constants sets (I and II) give χ 2 /24 = 0.11. We see a good description of the experimental data. The slope and curvature parameters of the line at (II). These numbers are close to the results of [29, 45] , ChPT [46] , time-like [47] and space-like [26, 34] experimental data fits. The data of NA60 experiment for the η TFF [47] , available in the region of q 2 ∈ (0.06, 0.21) GeV 2 (not shown in Fig. 3) , is also in a good agreement with our result (17) . Let also note, that the result of NA60 for the ω −π 0 time-like TFF (in the process ω → µ + µ − π 0 ), where the discrepancy with the VMD model was found, is related to the axial anomaly with two virtual photons, which is beyond the scope of this paper.
In Fig.4 the plot of the η ′ TFF (17) (normalized to F η ′ γ (0)) is given in the range of q 2 ∈ (−0.25, 0.25) GeV 2 . The blue solid and red dashed curves correspond to the parameter sets I and II respectively. The green band indicates the region between the curves. The slope and curvature parameters of the line at q 2 = 0 are a η = 1.06, b η = 0.76 (a η = 1.16, b η = 1.19) for the decay constant set I (II). These numbers are may be compared with [29] : a η ′ = 1.37 (18) , b η ′ = 1.94(67).
In summary, we have done the analytical continuation of the ASRs to the time-like region, and obtained the TFFs of π 0 , η and η ′ mesons in this region. The excellent agreement with the available experimental data is found. So, we completed our former works [5, 6, 7, 8] and now describe the TFFs in both time-like and space-like regions. Based on the ASR, we have substantiated the VMD model for the TTFs with one real and one virtual photon.
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